Abstract. Examples are given of noncompact Riemannian manifolds having nonnegative Ricci cuvature and infinitely many square integrable eigenfunctions for the Laplace operator.
Introduction
Let M be a noncompact manifold endowed with a complete Riemannian metric. The Laplacian ∆ is a second order elliptic operator depending upon the Riemannian metric. Solutions of ∆φ = −λφ are smooth by elliptic regularity. If φ is square integrable, then so is its gradient ∇φ and moreover λ φ 2 = − φ∆φ = |∇φ| 2 ≥ 0. So λ ≥ 0 and λ = 0 is possible only if φ is constant and M has finite volume. The question of existence of eigenfunctions with positive eigenvalue depends more delicately upon the geometry of the Riemannian manifold.
We now assume that M has nonnegative Ricci curvature. If the metric of M is rotationally symmetric, then Escobar [5] proved that ∆ has no square integrable eigenfunctions. Rellich identities were employed by Escobar and Freire [6] and the author and Garofalo [4] to show absence of point spectrum. Rotational symmetry need not be assumed. The underlying manifolds include certain perturbations of generalized paraboloids. These methods were subsequently extended by the author [3] to show that there are no square integrable eigenfunctions for Riemannian manifolds with nonnegative Ricci curvature, maximal volume growth, and quadratic curvature decay.
The purpose of the present note is to provide examples where M has nonnegative Ricci curvature and infinitely many square integrable linearly independent eigenfunctions. These examples are doubly warped products which contain embedded submanifolds with cylindrical ends. We begin by presenting some relevant background concerning manifolds with cylindrical ends. Much deeper results concerning the point spectrum for cylindrical manifolds were proved by Christiansen and Zworski [2] . Our examples are given explicitly in the final section of this paper.
Cylindrical manifolds
Suppose that X is a compact Riemannian manifold. The Laplacian of X has pure point spectrum consisting of eigenvalues λ i repeated according to multiplicity. One may form the generalized cylinder M = R×X with the product metric denoted by (dr) 2 +g X . By employing separation of variables, we decompose the Laplacian of M into a direct sum of ordinary differential operators dr) . In particular, the spectrum of the Laplacian is absolutely continuous of finite but nonconstant multiplicity.
We now consider the more general situation where M = R × X is endowed with a warped product metric (dr) 2 + f 2 (r)g X and f (r) = 1 for |r| > r 0 . Separation of variables now yields the ordinary differential operators
. The term h(r) arises from renormalizing the measure on R to Lebesgue measure. In particular, h(r) = 0 for |r| > r 0 . The essential spectrum of D i is [λ i , ∞), as in the case where f is identically one for all r. However, if f (r) > 1 for some r, then D i will have point spectrum for all sufficiently large i. These eigenvalues of D i are less than λ i and must exist by application of the minimax principle. The crucial point for our purposes is that arbitrarily small perturbations of the product metric yield point spectrum on the warped product. This point spectrum will consist of infinitely many eigenvalues.
Similar considerations apply to manifolds M with a pole and one cylindrical end. In geodesic polar coordinates on R + × S n−1 , the metric is of the form (dr) 2 + f 2 (r)g X . Here X = S n−1 and g X is the standard round metric. For cylindrical ends, f (r) is constant for r > r 0 . Separation of variables now yields an ordinary differential operator with a regular singular point at r = 0, but this poses no serious difficulty. If f (r) > f(r 0 + 1) for some r, the previous argument applies. One deduces that the Laplacian of M has infinitely many eigenvalues.
It is easily checked that the above constructions do not produce manifolds of positive Ricci curvature. In fact, Escobar [5] proved the absence of eigenvalues for rotationally symmetric metrics of positive Ricci curvature.
Doubly warped products
We now present our examples of complete noncompact Riemannian manifolds of positive Ricci curvature whose Laplacian has point spectrum. In fact, the point spectrum is of infinite multiplicity and embedded in the continuum. These manifolds M are diffeomorphic to R 3 × S 2 . If r is the geodesic distance from the origin in R 3 , then the metric is a doubly warped product on R + × S 2 × S 2 . The metric will be written as dr 2 + f 
